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Mark Scheme



Only penalise missing +c once in parts (i) and (ii)

1(i) 1-u)? M1 | Must include attempt at 2% (or &
J - 1 1dX:J( 1) 1 2dU AM P dx( du)
X2 (x—1)2 w2z (1-u)
1
oyt A1
1 A1
= 2[—)( - 1j2 +c
X
1(ii) Letx—2=s M1
1 1 A1
Then 3 1 dx = = 1 ds
(x-2)2(x+1)2 s?(s+3)2
3 M1
Lets= m A1
2 A1
u-1 — 1
Js : d“J( R
s2(s+3)2 32uyz (u-1)
__2 s$+3 %__2 X+1 %+C I\An:
-3 s - 3lx-2
1(iii) 1+u M1 | Any substitution leading to two algebraic factors in
letx= —— .
A1 | the denominator.




o 0 9 M1 | If done through a sequence of substitutions:
J’ L dx = u (ij du A1 | a further substitution leading to a square root of a
1 1 1 1 2 . .
9 (x—1)(x—2)2 (3X_2)2 ] (1—u)2 (3+u)2 u quadratic as the denominator.
1 M1 | Expressing the denominator as the square root of
= ;1 du a quadratic.
J o(3—2u—u2)E
~1 M1
B [
J o(4—(1+u)2)2
1 1 M1
. (1+u
=| arcsin| —— A1
()
_ 1 1, -1 A1 A iven.
=lr-lz=ln nswer given




2(i) 1-ky dy _ kx-1 M1
y dx X
In|y| - ky = kx —In|x| + ¢ M1
A1
Hence, In|xy|=k(x+y)+c M1
xy =3 (x+y) = (x-y)" |- et M1
A1
Ciis (x—y)? = (x+y) -2 A1 | Answer given.
G is (x — y)2 = (X + }/)2 _pxty+4 A1
In both cases, the equation is invariant under (x,y) = (y,x), so symmetrical in E1

y = X.

If the form given for C; is differentiated to check
that it satisfies the differential equation and it is
also checked that it passes through (1,1), award 2
marks.




2(if)

(4,16)

(24)

Graphs: Correct shapes of curves

G1
Graphs: Intersections at (2,4) and (4,16) G1
(x —y)2 =0,s0 (x +y)? > 2**tY
Therefore, (x + y) must lie between 2 and 4 E1 | Explanation of how the graphs show this needed.
Graph: Symmetry about y = x G1
Graph: Closed curve lying betweenx +y =3+ 1 G1

Graph: Passes through (1,1) and (2,2)

G1




2(iii) Sketches of y = x2 and y = 2*** M1 | Marks can be awarded for any justification that
x2 > 2*** only when x < —2. A1 | x? > 2*** only when x < —2.
v
Graph: Symmetry about y = x G1
Graph: Passes through (-1,-1) G1
Graph:y > 0asx » o,y » —casx - 0 G1




3(i) Suppose, Ik:2 < k <n — 1suchthat u,_; = uy, but uy, < ugyq M1
Since all of the terms are positive, these imply that uZ < uy_; U1, SO the sequence E1 | Must include that all terms are positive.
does not have property L.
Therefore, if the sequence has property L, once a value k has been reached such that E1
Up_q1 = Uy, it must be the case that all subsequent terms also have that property (which
is the given definition of unimodality).
3(ii) U —at,_q=a(U,_j—au, 5),s0 U, —au, 4 =a"?(u, -au,) M1 _
A1 | Answer given.
U? —U,_qU, 4 =U?—u,_, (2au, -a? u,_1) = (u, —au, 4)? forr>2 B1 | Answer given.
The first identity shows that u,. > 0 for all rif u, > au, > 0. E1
Since the right hand side of the second identity is always non-negative, the sequence has E1

property L, and is hence unimodal.




3(iii) u; = (2—1a' 1+ 2(1 — 1)a’~? = 1, which is correct. M1 | Confirm both cases.
U, = (2—-2)a? 1t +2(2 - 1)a?*? = 2, which is correct.
Suppose that:
Uy = (4 — k)ak 3 + 2(k — 3)a**, and
U = B = k)a*2 + 2(k — 2)ak3.
we =20 ((3 = K)a*2 +2(k — 2)a*3) — a?((4 — ka3 + 2(k — 3)a*~*) "A’\'}
=ak1(6—-2k—4+k)+ak2(4k —8—2k +6)
=ak 12 —k) +2a* 2k — 1)
which is the correct expression for u;,
Hence, by induction u, = (2 = r)a’™ ! + 2(r — 1)a" 2 E1 | Requires both statement of induction
hypotheses and conclusion.
u, —u,+1:((2—r)0/‘1 +2(r —1)ar‘2)—((1—r)ar +2ra"1) M1
=a"?(2(r 1)+ (2-8r)a +(r - 1)) A1
a %, 5 M1
-2 (202 (r=1)+(2-3r)N(N =1) + (r = (N - 1)) A1
ar—2
- ((r—1)+rN—N2)
a" % (N-1) M1
whenr=N, UN_UN+1:T>O A1
o r-2 A1
whenr=N-1, uy_4 —uszNLz<O
so u,is largest whenr=N E1 | Answer given.




4(i) The straight line distance between two points must be less than the length of any other E1
rectilinear path between the points.
4(ii)
Diagram showing two circles and straight line joining their centres. B1
Length of line and radii of circles are a, b and ¢ in some order.
Either statement that the straight line is the longest of the lengths, or explanation that one E1
circle cannot be contained inside the other.
Explanation that the circles must meet. E1
4(iii) (A) M1 | If it is not made clear that the result applies
fa+b>cthen(a+1)+(b+1)>c+2>c+1letcyc.,soa+1,b+1,c+1can A1 | for cyclic permutations, do not award A1.

always form the sides of a triangle.

(B)

Ifa =b =c =1wehave 1, 1, 1 which can form the sides of a triangle. B1
Ifa=1,b=c=2wehave %, 1, 2 which cannot form the sides of a triangle. B1
Therefore, %, %, 2 can sometimes, but not always form the sides of a triangle. E1
() M1
fp=qg=rthenlp—qltlg—rl=p—q+q-r=p—q=Ip—7l A1
Sotwo of |p — ql, |g — r|, |p — r| will always sum to the third, so they never form the

sides of a triangle. E1
(D) M1
If a + b > cthen a? + bc + b? + ca = a® + b?> — 2ab + c(a + b) + 2ab A1




= (a—b)?>+c(a+b)+ 2ab > c? + ab et cycl. M1 | Penalise not referencing cyclic
so a® + bc, b? + ca, ¢? + ab can always form the sides of a triangle. A1 | permutations, but only if not penalised for
(A)
4(iv) Sincea+b >aandb @ > flath) and f(b) > f(a+b) M1
" a a+b b a+b
Sincec <a+b, f(c) < f(a+b) M1
Thus f(a) + f(b) > LD L D) _ £ 4 ) > F(c) et cycl. M1 | Penalise not referencing cyclic
atb — a+b A1 | permutations.

So f(a), f(b) and f(c) can form the sides of a triangle.

Answer given.




5(i) x—qx)=Yrga,x10" =¥ ta, =Y ta, x (10" — 1) M1
10" =1 Vr,sox — q(x) is non-negative A1 | Answer given.
9|(10" —1) Vvr A1 | Answer given.
5(ii) x — 44q(x) = 44(x — q(x)) = 43x M1
So it is a multiple of 9 iff 43x is. A1
(43,9) = 1, so x — 44q(x) is a multiple of 9 iff x is A1 | Answer given.
If x has n digits, g(x) < 9n E1
Since x = 44q(x), x < 396n. E1 | Answer given
Any n digit number must be at least 10"~ 1.
These inequalities cannot be simultaneously true forn > 5 (396 x 5 < 10%). E1
Therefore n < 4. Answer given.
Since x — 44q(x) = 0, which is a multiple of 9, x is a multiple of 9. M1
q(x) is aninteger and x = 44q(x), so x is a multiple of 44.
Since (9,44) = 1, x must be a multiple of 44 X 9 = 396. A1
So x = 396k and therefore (by the result above) k < 4. M1
Checking: Only k = 2 works. A1 | Must be clear that there are no other

solutions to get this mark.




S(iii) x — 107q(q(x)) =0= 107(x — q(x)) + 107 (q(x) — q(q(x))) — 106x IXI«:II
(x —q(x)) and (q(x) — q(q(x))) are both divisible by 9 (by part (i)
and so x is divisible by 9 A1
x = 107q(q(x)) and so is divisible by 107, and so is divisible by 963.
So x = 963k for some k. M1
If x has n digits, then q(x) < 9n. By (i), ¢(q(x)) < q(x) < 9In. M1 | Establishing that n < 4
Sox < 963n and x > 10"~ which implies thatn < 4andso k < 4 A1 | Linking to the value of k.
Checking: Only k = 1 works. A1




6(i) a’+bc b(a+d M1
Let M =(a b); then M? = (2 ) A1
c d c(a+d) d*+bc
so Tr(M?) = a® + d? +2bc = (a + d)?> — 2(ad - bc) A1 | Answer given.
6 Let M= @ b - then M2 =| &7 -0 br where 7=Tr(M) and 6= Det(M)
c d)’ ct dr-o)’ ’
ThusM?=+l < r=0and 5= F1 M1
orb=c=0anda®>=d?=+1 A1
A1
Ifb=c=0anda=d==+1,then M=+l E1
Ifb=c=0anda=—d =+1,thenr=0and 6=-1 E1
ThusM? =+l r=0and 6=-1. E1 | Answer given.
Thus M?>=-1< 7=0and 5= +1. E1 | Answer given.
6(iii) Part (ii) implies Det(M?) =—1, if M* = I, but M? # I . E1
However, Det(M?) = Det(M)?, so this is impossible. E1
Clearly M?> =+l = M* =1 E1
Part (ii) implies that M* = — 1 & Tr(M?) = 0 and Det(M?) = 1 E1
so from (i) © Tr(M)? = 2Det(M) and Det(M) = +1 M1
A1
so © Tr(M) = +2 A1
and Det(M) = 1. A1
Any example, for instance a matrix satisfying the conditions for any of M2 =1, M? = |, M1
M* = -1, which is not a rotation or reflection. A1




70 P (1—ti)(1+1i M1
lw-1]2= |1 tl| = ( )( ) =1, which is independent of t. A1
1+ ti] (1+ti)(1-ti)
Points on the line Re(z) = 3 have the form z = 3 + ti and E1 | Answer given.
the points satisfying |w — 1| = 1 lie on a circle with centre 1.
If z=p + ti, then M1 | Choice of form for z.
12 2 M1
|W_C|2_2—(p—2)c—ctl| (2-(p-2)c) +c*? A1
| (p-2)+ti | (p-2) +£
which is independent of t when (2 - (p - 2) 0)2 =c? (p - 2)2 M1
. 1 A1 | Centre
which is when ¢ = E A1 Radius
Thus the circle has centre at L and radius L .
p-2 lp-2|
2 2(p-2)-2ti M1
(P=2)+ti  (p-2)*+¢2 ’
so Im(w) > 0 when t < 0; that is, for those z on V with negative imaginary part. A1




7(ii) If z=t+ gi then M1 | Choice of form for z.
|W C,-|2 ) |2 voq—(t- 2)ci|2 . 2 (t- 2)2 (cq+ 2)2 m:ll Recognises the centre is on imaginary axis.
| (t-2)+qi | (t-2)% +q2 A1
which is independent of t when (cq + 2)2 =c2g? M1
A1 | Centre
which is when € =—— A1 | Radius
1
so the circle has centre —1i A1l and radius \/072 = H Al.
q
2 2(t-2)-2qi M1
(t—2)+ql (t_2)2+q2 ’
so Re(w) >0 when t > 2; that is, for those z on H with real part greater than 2. A1




Graph: Zeroes at x = 0, ¢ and one other point (h: label not required) in (a, b). G1

Graph: Turning pointsatx = 0,a, b, c. G1

Graph: Quintic shape with curve below axis in (0, h) and above axis in (h, c) G1

The area conditions give F(0) = F(c) = 0. E1

F'(x) =f(x),soF'(0)=F'(a) =F'(b)=F'(c) =0

Since f is a quartic and the coefficient of x* is 1, E1 | Explanation must be clear that the double

L - 1
F must be a quintic and the coefficient of x° is -

F(0) =F'(0) =0and F(c) = F'(c) = 0, so F must have double roots at x = 0 and c.

So F(x) must have the given form.

roots are deduced from the fact that
F(x) = F'(x) = 0 at those points.

F(x)+F(c—x) = %xz(x —0)?[(x—=h) + (c—x — h)]
= %xz(c —x)%(c — 2h)

M1
A1




8(ii) Let 4 be the (positive) area enclosed by the curve between 0 and a. E1
The maximum turning point of F(x) occurs at x = b, with F(b) = A.
The minimum turning point of F (x) occurs at x = a, with F(a) = —A.
Therefore F(x) = —A, with equality iff x = a. E1 | Answer given.
So F(b) + F(x) = 0, with equality iff x = a.
F(a) + F(x) < 0, with equality iff x = b. B1
since F(b) + F(c — b) = b2(c — b)*(c — 2h), M1 .
eitherc > 2h,orc = 2handc—b = a. A1 Answer given.
Also, F(a) + F(c — a) zéaz(c—a)z(c—Zh), o) M1
eitherc < 2h,orc =2handc—a = b. A1
Thusc = a+ b and c = 2h. E1 | Answer given.
8(iii — 120 _ )2 — M1
(iii) F(x) = mai (x—0c)*(2x —¢) A1
So f(x) = Ex(x —¢)(5x% — 5xc + ¢?)
The roots of the quadratic factor must be a and b.
flx) = %(Sx4 —10cx3 + 6¢2x? — ¢3x)
f'() = £ (20x% — 30cx? + 12c?) M1
f'(x) = §(6Ox2 —60cx +12¢?) = %(sz —5cx + c?) A1
Therefore f"(x) = 0atx = aand x = b and so (a, 0) and (b, 0) are points of inflection. E1




If the particles collide at time t:

Vt+ UtcosO = d, and M1
h—%gt2=Utsin9—%gt2 (orh = Utsin@) M1
Therefore, dsin@ — hcos@ = Vtsin @ + Ut sinf cos@ — Ut sin 6 cos 0 M1
_vh A1 | Answer given.
U
9(i) Dividing the previous result by d cos 8 gives:
_h__Vh M1
tand d_Udc056>O
Since tan § = S, tanf® > tanf andso 6 > S A1 | Answer given.
9(ii) The height of collision must be non-negative, so Ut sin 8 — %gt2 > 0. M1
SoUsin® >1gt =2g—L—or(Using)? > M1 _
2 2 Usin® 2 A1 | Answer given.
Therefore U sin8 = \/%.
9(iii) d sin @ — h cos 6 can be written as Vd? + h? sin(6 — B) M1
A1 | Amplitude
A1 |p
Sodsinf — hcosO <+Vd? + h? (since 8 > p) A1
Therefore, Yh « JdZ + 12 M1 .
v A1 | Answer given.

h U

orsinf = @ <y




The height at which the particles collide is:

h— 2% > Lhiff U sin? 0 > gh m

The vertical velocity of the particle fired from B at the point of collision is:

Usinf — gt = Usinf — Ufi};e)

UsinG—U‘Sgize>0ifozsin29>gh “Aj‘l

Since both cases have the same condition: E1 | Answer given.

The particles collide at a height greater than %h if and only if the particle projected from B
is moving upwards at the time of collision.




10(i)

Diagram showing necessary forces and angles G2 | G1 for all forces.
G1 for angles used in calculations if not
explained well within solution.

T = w B1

Resolving tangentially:

T sina —mg sin2a = 0 M1

Therefore sin a G (2acosa — 1) — 2mg cos a) =0 A1

Since sina > 0, 2alcosa — Al — 2mglcosa = 0 E1

Al

cosa = 2(al-mgl)

cosa < 1,s0Al < 2(al —mgl) M1

Therefore A(2a — 1) > 2mgl

Since2a—l>0,/1>2m—gl A1 _

2a-1 E1 | Explanation that 2a — [ > 0




10(ii) Energy: M1
Imv? — mga cos 26 + i(Za cos§ — )% = 2mu? — mga + i(2a - 1)? A1 Potentlal
2 2l 2 2 A1 | Elastic
If the particle comes to rest when 8 = :
—mga (2cos? B — 1) + % (Racosp—1)?% = %mu2 —mga + % (2a —1)? M1
— 2
alcos? (%) —2aicosf = %mu2 —2mga + MTQ —2ak A1
2
Therefore, cos? f — 2 cos a cos f§ = ™ cosa+1—2cosa M1 | Introduces «
2al A1
Adding cos? a to both sides: A1 | Answer given
2
(cosa —cos )% = (1 — cosa)? + %cos a
For this to occur, cos § > 0: M1
2
cos?a > (1 —cosa)? + ——cosa A1
2ai
A1 | Answer given

2a1
And so, u? < %(2 —seca)




11(i)

If the game has not ended after 2n turns, then the sequence has either been n repetitions
of HT or n repetitions of TH.

So P(Game has not finished after 2n turns) = 2(pgq)".

So the probability that the game never ends is 111_1)130 2(pg)™ = 0.

E1

Answer given.

Sequence that follows the first H will be k repetitions of TH, followed by H, where k > 0.

M1

So P(A wins|first toss is H) = Y- o(pq)*p = 1_’?

A1

Answer given

P(Awins N first tossis H) = p X Jj

M1

Use of conditional probability

If first toss is a tail then the sequence that follows would be
k repetitions of HT followed by HH.

pZ

1-pq

So P(A wins|first tossisT) =

p?q

P(Awins N first tossisT) = i

p*(1+q)

Therefore P(A wins) = p

A1

11ii)

Following a first toss of H:

A wins with HH

or (HT followed by any sequence where A wins after first toss was T)
or (T followed by any sequence where A wins after first toss was T')

E1

The probabilities of these cases are:
2

p

pq P(A wins |the first toss is a tail)

q P(A wins |the first toss is a tail)

E1

Therefore:
P(A wins | the first toss is a head) = p? + (q + pq)P (A wins | the first toss is a tail)

E1

Answer given.




Similarly, following first toss of T
A wins with (H followed by any sequence where A wins after first toss was H)
or (TH followed by any sequence where A wins after first toss was H)

M1

Therefore: A1
P (A wins | the first toss is a tail) = (p + pq)P(A wins | the first toss is a head)
So M1
P(AIH first) =p®+ (¢ +pO)(P +pg)P(A | H first)
. _ 14

P(A|H first) = 1-(p+pa)(a+pq)
And M1
P(A|T first) = (p + pq)(p*> + (q + p@P(A|T first))
P(A|T first) = —2 22D __

1-(p+p@)(q+pq)
So A1 | Answer given

LN p? pip+pe)  _  p*(1-4°)

P(Awins) =p x 1-(p+pq)(g+pq) tax 1-(p+pa)(g+pq)  1-(1-p?)(1-q?)

11 (iii) Let W be the event that A wins the game. M1
P(W |H first) =p* 1+ (A +p+p2+ - +p*2)qgP(W | T first) A1
PW T first) = (14+q +q®+ -+ q"2)pP(W | H first) A1

. _ pe! M1
P(W | HflrSt) - 1_(1_pa—1)(1_qb—1)

. __ p*la-¢"hH M1
P(W | TflT'St) - 1_(1_pa—1)(1_qb—1)
Therefore: A1

__ p*'(1-4")

PW) = e na-gn
fa=b=2, B1

__p(1-¢*) _ p*(1+q)
PW) = 1-(1-p)(1-q)  1-pq

as expected.




12(i) For the biased die: M1
2
P(Ry = R,) = I ( +5)
P(Ry = R;) = =% 1+2%0 & + XL, &7 M1
A1
r,g=0,s0 M1
P(R, = Ry) =+ YL, &7 A1
For a fair die, P(R; = R,) = = and Y, &2 > 0,s0itis more likely with the biased die. E1
(ii) P(R, > R,) = 5(1 — P(R, = Ry)) M1
Therefore, the value of P(R; > R,) if the die is possibly biased is < P(R; > R,) if the die M1
is fair.
Let T= Y-, x,- and, for each i, let p; = % M1
Then Y7L, p; = 1, so we can construct a biased n-sided die with P(X = i) = p;
P(Rl > Rz) - ] 1plp] M1
A1
A1
For a fair die: A1
n—-1
P(R; > R,) = o
Therefore A1 | Answer given.

n i 1xx] n-1
< — andso
X ZZ:J 1 72 2n

n i-1 n
n—l
5 St <252 (3 )
i

i=2

—.
[y




(iif)

For the biased die:
n 1 3
P(R1 = RZ = R3) = ZiZl (; + Si)

M1

1 3e; 351.2 A1
= ?:1,1_3 + 2?2171_21 + Z?:1T + X &°
Therefore
D3y o382
P(R; = R, = R; biased) — P(R; = R, = R; fair) = 2—l+ Z—l+ Z g3
, =" 9" 4
3 l. .
=¥r, % + Y, &3 (since X, & = 0) A1
351'2 3
= Z?:l? +el =X, ¢ (; + 5i)
Butg = — % (since p; = 0), so this sum must be positive. IX:II
Therefore, P(R; = R, = R3) must be greater for the biased die. E1
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